We consider the quasihyperbolic geometry of a convex domain in a uniformly convex Banach space. We show that quasihyperbolic geodesics are unique, that quasihyperbolic balls are convex and that in the finitedimensional case, quasihyperbolic geodesics can be prolonged to geodesic rays.
1. Introduction 1.1. This paper is a continuation to [Vä4] . Throughout the paper, we assume that E is a real Banach space with dim E ≥ 2 and that G E is a domain. We recall that the quasihyperbolic length of a rectifiable arc γ ⊂ G or a path γ in G is the number
,
over all rectifiable arcs γ joining a and b in G. An arc γ from a to b (written γ : a b) is a quasihyperbolic geodesic or briefly a geodesic if l k (γ) = k (a, b) .
The quasihyperbolic metric of a domain in R n is due to F.W. Gehring, and it was first published in joint papers of him and his students B. Palka [GP] in 1976 and B. Osgood [GO] in 1979. Important results on quasihyperbolic geodesics in domains G ⊂ R n were obtained by G. Martin [Ma] in 1985. For example, he proved that the geodesics are C 1 smooth.
As in [Vä4] , we shall consider the case where G is convex. This is considerably easier than the general case, mainly because the distance function δ is then concave in G. In [Vä4] it was proved that if E is a reflexive Banach space, then each pair of points a, b ∈ G can be joined by a quasihyperbolic geodesic. We begin this paper by proving in Section 2 that if E is uniformly convex, then there is only one quasihyperbolic geodesic between given points of G. As far as we know, this is the first result on the uniqueness of quasihyperbolic geodesics (except for domains where geodesics are explicitly known). In nonconvex domains, for example, in G = R n \ {0}, the quasihyperbolic geodesics need not be unique.
We also show that quasihyperbolic balls are strictly convex in convex domains of uniformly convex spaces. In particular, these results hold in Hilbert spaces and therefore in euclidean spaces.
In Section 3 we show that if, moreover, dim E < ∞, then each geodesic γ : a b in a convex domain G can be prolonged to a quasihyperbolic ray from a to a boundary point of G We use the same notation as in [Vä4] . In particular, we write s ∧ t = min{s, t}, s ∨ t = max{s, t} for s, t ∈ R.
2. Uniqueness and convexity 2.1. Uniformly convex spaces. A Banach space E is uniformly convex if for each 0 < t ≤ 2 we have sup{|x + y|/2 : |x| = |y| = 1, |x − y| ≥ t} < 1.
For example, all Hilbert spaces and all L p -spaces are uniformly convex for 1 < p < ∞. For the basic properties of uniformly convex spaces, see [BL] or [FZ] . We need the following results; proofs can be found in [FZ, 8.11, 9 .12] and [BL, 5.12, 5 .21].
Lemma. A uniformly convex space E has the following properties:
(1) If x and y are nonzero vectors in E with |x + y| = |x| + |y|, then x = λy for some λ > 0.
(2) E is reflexive. 
More generally, if : im g → R is a continuous function, then
It is often convenient to parametrize an arc or a path by quasihyperbolic length. We say that g : 
Proof. By (2.6) we have |g i (t)| = δ(g i (t)) for i = 1, 2 and for almost every
a.e. As δ is concave by [Vä4, 3.4] , we get |g (t)| ≤ δ(g(t)) a.e. By (2.5) this yields
If l k (g) = r, we have equality a.e. in (2.9). By 2.2(1), the vectors g 1 (t) and g 2 (t) have the same direction a.e. By (2.6) we can write (2.10)
for almost every t and for i = 1, 2, where F (t) is a unit vector independent of i. We can now apply a classical proof for the uniqueness of the solution of a differential equation to show that g 1 = g 2 .
Write h = g 1 − g 2 and assume that there is t 1 ∈ (0, r] with h(t 1 ) = 0. Set t 2 = max{t ∈ [0, t 1 ) : h(t) = 0}. Replacing t 1 by a smaller number we may assume that t 1 < t 2 + 1. Set M = max{|h(t)| :
As h is absolutely continuous, this and (2.4) yield the desired contradiction
2.11. Theorem. Let G be a convex domain in a uniformly convex space E and let a, b ∈ G. Then there is a unique quasihyperbolic geodesic from a to b.
Proof. As E is reflexive by 2.2(2), a geodesic exists by [Vä4, 2.1] . Assume that g 1 and g 2 are geodesic paths from a to b, and set g = (g 1 +g 2 )/2. Applying Lemma 2.8 with
and the last part of 2.8 gives g 1 = g 2 .
Quasihyperbolic balls and spheres. For open and closed quasihyperbolic balls and for quasihyperbolic spheres we use the notation
where a ∈ G and r > 0. We say that B k (a, r) is strictly convex if for each pair x, y ∈ S k (a, r), the open line segment between x and y is contained in B k (a, r). Equivalently, B k (a, r) is convex and S k (a, r) contains no line segments.
Theorem. Let G be a convex domain in a uniformly convex space E and let a ∈ G. Then each quasihyperbolic ball
2.14. Question. Is every quasihyperbolic ball B k (a, r) in a convex domain quasihyperbolically convex ? This means that if γ : x y is a quasihyperbolic geodesic
Digression: Uniform domains of higher order. Let p ≥ 0 be an integer and let
This definition is due to P. Alestalo [Al] . By [Al, 6.9] , it is quantitatively equivalent to the definition of J. Heinonen and S. Yang [HY] . For p = 0, E = R n , it is n-quantitatively equivalent to the classical definition [MS] of c-uniform domains.
In [HY, 2.1] it was proved that if G ⊂ R n is c-uniform and if quasihyperbolic geodesics in G are unique, then G is homotopically (p, c )-uniform for every p with c = c (c, n). By Theorem 2.11 we see that this holds in every convex domain of R n . However, we show that an improved dimension-free version of this result is easily proved directly. 
We may assume that z = 0. Define g :B p+1 → G by g(tx) = tf x for x ∈ S p , 0 ≤ t ≤ 1. Clearly g is continuous and g|S p = f . We show that g satisfies (2.16) and (2.17) with c → c .
Combining the estimates we obtain (2.16).
Prolongation of geodesics
In this section we consider a convex domain G in a finite-dimensional uniformly convex space E. We show in 3.12 that each quasihyperbolic geodesic γ : a b can be prolonged to an arbitrarily long geodesic γ 1 : a b 1 and in fact to a geodesic ray (Th. 3.18 ) from a to a point in ∂G.
We remark that the prolongation is not in general unique. For example, let G ⊂ R 2 be the strip {(x, y) : |y| < 1}. The horizontal segment [0, e 1 ] is a geodesic and it has an infinite number of prolongations to geodesic rays, namely any line segment [0, re 1 ], r ≥ 1, extended either by a horizontal half line or by a quarter of one of the circles S(re 1 + e 2 , 1), S(re 1 − e 2 , 1). This bifurcation was observed already in [Ma, 4.11] .
We first consider sequences of paths and recall that the length cannot increase in a limiting process: 
Proof. For each subdivision a = t 0 < · · · < t n = b we have
and the lemma follows.
3.2. Convention. In 3.3-3.12, E is a uniformly convex space with dim E < ∞ and G ⊂ E is a convex domain.
The next lemma shows that geodesics depend continuously on the end points. Proof. Since geodesics are unique by 2.11, it suffices to show that (g j ) has a subsequence converging uniformly to a geodesic path g from a to b. Since a j → a, there is a quasihyperbolic ballB =B k (a, R) containing every γ j . AsB is compact, we may apply Ascoli's theorem and find a subsequence, still written as (g j ), converging uniformly to a path g : [0, r] → G with g(0) = a, g(r) = b. By 3.1 we have l k (g) ≤ lim inf j→∞ l k (g j ) = r, and the lemma is proved.
Quasihyperbolic projection. Let a ∈ G, 0 < r < s. For each x ∈ S k (a, s)
there is a unique geodesic γ : a x, which meets S k (a, r) at a unique point y. Setting y = f x we obtain a map
called the quasihyperbolic projection. Because of the aforementioned bifurcation of geodesics, the quasihyperbolic projection need not be injective. However, we show that it is a continuous surjection.
Lemma. The quasihyperbolic projection is continuous.
Proof. Let (x j ) be a sequence in S k (a, s) converging to a point x. Let g j : [0, s] → B k (a, s) be the geodesic path from a to x j . By 3.3 the sequence (g j ) converges to a geodesic path g from a to x, and f x j = g j (r) → g(r) = f x. From the convexity of the quasihyperbolic balls B k (t) (Theorem 2.13) it follows that for each ray l from the origin, the function x → k(x, 0) is strictly increasing on l ∩ G. Hence Φ maps l ∩B k (r) bijectively onto l ∩B(r). Since Φ is clearly continuous and sinceB k (r) is compact, we obtain: 3.7. Lemma. The map Φ :B k (r) →B(r) is a homeomorphism.
Theorem. Suppose that G is a convex domain in a finite-dimensional uniformly convex space E. Let a ∈ G and let
Proof. We may assume that a = 0. For 0 < u ≤ s we let f u denote the quasihyperbolic projection of S k (s) into S k (u).
Assume that the theorem is false. Let u 0 denote the supremum of all u ≤ s such that f u is not surjective. Then 0 < u 0 ≤ s. We first show that f u 0 is surjective.
Let y ∈ S k (u 0 ). Choose a sequence of numbers u j ∈ (u 0 , s) and points y j ∈ S k (u j ) such that u j → u 0 and y j → y. Since the quasihyperbolic projections f u j are surjective, there are points x j ∈ S k (s) with f u j x j = y j . Let g j : [0, s] →B k (s) be the (unique) geodesic path from 0 to x j . Then g j (u j ) = y j . Passing to a subsequence we may assume that the sequence (x j ) converges to a point x ∈ S k (s). By Lemma 3.3, the maps g j converge to a geodesic path g from 0 to x. Now
We show that there is u 1 < u 0 such that ϕ u is surjective for all u ∈ (u 1 , u 0 ). For these u, also f u = ϕ u • f u 0 is surjective contradicting the definition of u 0 and proving the theorem.
for all x, y ∈B(u 0 ) with |x−y| ≤ η. Since the quasihyperbolic metric is bilipschitz equivalent to the norm metric in compact sets, there is K ≥ 1 such that
for all x, y ∈B k (u 0 ). We show that one can choose
be the radial projection, which sends all points of a ray l from the origin to the unique point of l ∩ S k (u), and set p u = p|S k (u 0 ). As S k (t) is the boundary of the bounded convex open set B k (t) for all t > 0, the map p u : S k (u 0 ) → S k (u) is a homeomorphism between topological spheres. Hence the topological degree of p u is ±1 depending on orientation. Consequently, it suffices to show that the maps ϕ u and p u are homotopic. For this it suffices to show that
, and the desired homotopy is given by
, and the first part of (3.11) follows from (3.10). Furthermore, (3.9) , and the theorem is proved.
3.12. Corollary. Let G ⊂ E be as in 3.8, let γ : a b be a geodesic and let s > k (a, b) . Then there is a geodesic γ 1 : a b 1 with γ ⊂ γ 1 and k(a, b 1 ) = s.
Nonconvex domains.
None of the theorems 2.11, 2.13 and 3.12 is true without the condition that G be convex. For example, in the domain G = R 2 \ {0} there are two quasihyperbolic geodesics (semicircles) between the points e 1 and −e 1 , andB k (e 1 , π) is not convex, not even a topological disk. Moreover, these geodesics have no prolongation. However, the following conjectures look natural:
Let G be a domain in a reasonable space, say in R n .
(1) There is a universal constant r 0 > 0 such that for r < r 0 , each quasihyperbolic ball B k (a, r) is strictly convex.
(2) There is r 0 > 0 such that if k(a, b) < r 0 , then there is one and only one geodesic joining a and b. It is easy to see that (1) implies (2) in uniformly convex spaces with the constant 2r 0 . The proof of Theorem 3.12 shows that (2) implies (3) in finitedimensional spaces with the same constant r 0 . The results of the present paper show that for convex domains, (1) and (2) are true in uniformly convex spaces and that (3) holds in finite-dimensional uniformly convex spaces, all with r 0 = ∞.
We believe that (1) is true with r 0 = 1.
3.14. Geodesic rays. Suppose that G is a (not necessarily convex) domain in a Banach space E. A geodesic ray path in G is an isometry g of the half line [0, ∞) into the metric space (G, k G ), and the image set im g ⊂ G is a geodesic ray. Equivalently, a set γ * ⊂ G is a geodesic ray if
(2) each compact subarc of γ * is a geodesic,
The following result is from [Vä4, 3. Proof. Set a = g(0) . Assume that g(t) does not converge to ∞. Then there is M > 0 and a sequence (t j ) such that t j → ∞ and |g(t j ) − a| ≤ M . By 3.15 this implies that
On the other hand, k(a, g(t)) = t → ∞, and thus b ∈ ∂G.
We say that the geodesic ray path g of Theorem 3.17 (or the geodesic ray im g) joins the point a = g(0) and b ∈ ∂G, possibly b = ∞.
We next give a ray version of the prolongation theorem 3.12.
3.18. Theorem. Let G be a convex domain in a finite-dimensional uniformly convex space, and let γ : a b be a geodesic in G. Then γ has a prolongation to a geodesic ray γ * from a to a point b * ∈ ∂G with γ ⊂ γ * .
Proof. Applying 3.12 we choose a sequence of geodesics
We next show that if G is a convex domain in a finite-dimensional Banach space, then each point a ∈ G can be joined to each point b ∈ ∂G by a quasihyperbolic geodesic ray. We shall make use of the theory of uniform domains.
Uniform domains. We recall that an arc
A domain G is c-uniform if each pair of points in G can be joined by a c-uniform arc.
A bounded convex domain is uniform; see, for example, [Vä2, 2.19] . The following useful result is from [GO, Th. 2] ; see also [Vä3, 10.9 ]. Proof. Choose geodesic paths g j from a to points x j ∈ G such that x j → b. Then g j : [0, r j ] → G with r j = k(a, x j ) → ∞. For each t ≥ 0, the points g j (t) are defined for large j, and they lie in the compact setB k (a, t). Since the maps g j are isometries into the space (G, k), we may apply Ascoli's theorem to get a subsequence, still written as (g j ), which converges to a 1-Lipschitz map g : [0, ∞) → (G, k). By 3.1 we see that g is a geodesic ray path. If G is convex and bounded, then G is uniform, and the assertion follows from the first part of the proof. Suppose that G is convex and unbounded. Assume first that b = ∞. Set R = 2c 0 |a − b|, where c 0 is given by 3.15. The domain G 0 = G∩B(a, R) is convex and bounded. By the previous case, there is a geodesic ray γ
